B TEXHUYECKUE HAYKN (05.02.00, 05.13.00, 05.17.00, 05.23.00) 1 9

VIIK 519.6

YCTOMYUBBIA YNCJIEHHBIN METO/ PEINEHHUS 3AJTAYN KOIIIH

JIJISI JTMHEHHOT' O TN ®®EPEHIIUAJIBHOI'O YPABHEHU S
BTOPOT'O ITOPAIKA

Aoperos M.X., Kanuykoes B.3., Mamykos U.K.

@I'bOY BIIO «Kabapouno-Bankapckuii eocyoapcmeennvlil yrugepcumem um. X.M. bepberosay,

Hanvuuxk, e-mail: bsk@kbsu.ru

Pabora mocasieHa MOCTPOCHUIO YCTOWYHMBOTO YMCICHHOTO METOJa pelieHus 3a1a4u Komu 1yt THHeHHOTo
OOBIKHOBEHHOTO IH((HepeHIInaTbHOTO YPaBHEH S BTOPOTO MOPSIIKA, KOTOPAs 9aCTO UCIOIB3YEeTCs IPH HCCIIEI0Ba-
HHU NMPUKIAAHBIX 337124 GU3HKH, TEXHUKH, OMOIOTHH U APYrHX obnacteil Hayku. M3BeCTHO, UTO pelieHne JaHHO
3a/1aull MOXKET OKa3aThCsl HEYCTOWYMBBIM. B TakoM Cilydae CIIOXKHO TONYYUTh €€ PEIICHUE YHUCICHHO, MOCKOJIBKY
OIIMOKH OKPYIJICHHUS M YCEUCHHS OKa3bIBAIOT HA PE3YJbTAT TAKOE XKE BIMSHHC, KAK U W3MCHCHHE HAYaIbHBIX yC-
noBui. [IpennoxkeHHbli B paboTe METOJl OCHOBBIBACTCS HA PEIYKIMU MCXOIHOM 3anaun Kol K 3KBUBaJICHTHOH
3aj1aue JUIs JIMHEIHOro OOBIKHOBEHHOTO I ((hepeHIINaIbHOTO YPaBHEHHsI BTOPOTO TIOPsI/IKA C HEJIOKAJIbHBIM HHTE-
rpaJbHBIM YCIOBHEM U TOCIEAYIONIEM €€ PEHICHUH KOHEYHO-Pa3HOCTHBIM MeTOIOM. KOoHeuHO-pa3HoCTHAs cxema,
anmpoKCUMHUpYomas T GepeHIHATBHYIO 3a/1a4y ¢ HEIOKAIBHBIM YCIOBUEM CO BTOPBIM MOPSIKOM TOYHOCTH 10
LIary CEeTKH, CBOANTCS K PELICHHIO JIByX YCTOMYHMBBIX KOHEYHO-PA3HOCTHBIX CXEM BTOPOTO TOPSI/IKA C TPAHUYHBIME
YCIIOBHSIMH TIEPBOTO PO/A.

KuroueBrble ciioBa: 3agaya Ko 1J1si 00bIKHOBEHHOT0 JINHEHHOTO Jll/lll)(‘l)epeHHMaJlLHOFO YpPaBHEHHUS BTOPOIro nopsjaka,

YCTOHYHBOCTD PelIeHHUs], YHCICHHbIH MeTO/ pellleHusI, AMPUOPHAs OLEeHKA

SUSTAINABLE NUMERICAL METHODS FOR SOLVING CAUCHY PROBLEM

FOR LINEAR SECOND ORDER DIFFERENTIAL EQUATIONS

Abregov M.K., Kanchukoev V.Z., Mashukov I.K.
Kabardino-Balkaria State University K.M. Berbekov, Nalchik, e-mail: bsk@kbsu.ru

The work is dedicated to building a sustainable numerical method for solving the Cauchy problem for a linear
ordinary differential equation of the second order, which is often used in the study of applied problems of physics,
engineering, biology, and other fields of science. It is known that the solution of this problem may be unstable. In
this case, it is difficult to obtain a solution numerically, since rounding errors and truncation have on the result of the
same effect as changing the initial conditions. The proposed work method is based on reducing the initial problem
to an equivalent Cauchy problem for a linear ordinary differential equation of second order with a nonlocal integral
condition and its subsequent decision finite-difference method. Finite-difference scheme approximating differential
problem with nonlocal condition for a second order of accuracy for grid spacing is reduced to the solution of two

stable finite-difference schemes of the second order with boundary conditions of the first kind.

Keywords: cauchy problem for an ordinary linear differential equation of the second order, stability of the solution,
a numerical method for the solution, a priori estimate

PaccmoTrpum 3apauy Kowmwu nist nuHei-
HOTO AU depeHINaIbHOTO YPaBHCHUS BTO-
poro mopsiaka

(k(x)u'), —g(@u=r(x), O0<x<L ()
u(©0)=0;  k(0)u’(0)=0. @)

Bynem npennonarark, 4to K03hOUIHMESHTHI
W TIpaBast 9acTh ypaBHEHUS (1) yIOBIETBOPSIOT
yemoBusam: k(x) € C[0, []; g(x), fix) € C?[0, 1];
c,>k(x)>c, >0;0<g(x)<g.

W3BecTtHO [5], uTo pemenue 3amaun (1)—
(2) cymecTByeT W eIMHCTBEHHO B Kjacce
¢yukouit C*[0, []. OgHako 3TO peIIeHHE,
KaK TOoKa3aHo B [2], mpu OONbIINX 3HAYE-
HHUSX [ MOXET OKa3aThbCs HEYCTOWYHBBIM.
DTO 03HAYaeT, 4YTO CKOJb YTOAHO MaJjbic
W3MEHEHHUS HA4YallbHBIX YCIOBHH MOTYT
BBI3BaTh CKOJIb YTOJHO OOJbIINE WU3MCHE-

HUSI pemieHHs NMpHU OONbINUX 3HAYCHUAX /.
B sToM ciydae CIOXHO MOMYYUTH yKa3aH-
HOE peILICHHE YHCICHHO, TaK KaK OLIMOKH
OKPYIJICHHUSI M YCEUCHHUsSI OKa3bIBAIOT TaKOE
)K€ BIIMSHHE, KAK U M3MCHEHUE HavyaJbHBIX
YCIIOBHH, U IPUBOST K TOMY, UTO pEIICHUE
CTaHOBUTCS HEOTPAHNYCHHBIM.
IIpounTerpupoas ypaBHeHue (1) mo orpes-
Ky [0, /] 1 BOCTIOIb30BABIINCH HAYAILHBIM YCIIO-
BUEM (2), IPUXOIUM K SKBUBAJIEHTHOH 3a/1aue

(k(X)u’)'—g(x)u = f(x), ¥ D ()
u(0) = 0; (4)
O O)=[g(peder [ 1) )

Ha paBHOMEpHOI ceTke
o, ={x, =ih,i=0,1,2,..,N; hN=1}
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3amaay (3)—(5) ammpokcHMHpyeM KOHEYHO-
pa3HOCTHOM cXeMoi

1 Yin = Vi Yo = Via
—| a. ! L—a. ! —dy =—0,,
h[ i+l h i h 1y1 (pl

i=1,2,..,N—1;
Y, =0; (6)

y, =y N-1 N-1 h
(ZN—N 7 As =zd,-yih+z(9ih+%5;
i=1 i=1

Iae
&= k( )f,l } d=gx); ¢o,=fx). (7)

HerpynaHo 1mokasark, 4TO pa3HOCTHAs CXe-
Ma (6) anmpokcumupyet auddepeHIranTbHyo
3agaqy (3)—(5) ¢ rounocteio 0(/4?). Ucnomb3yst
o0o03HaueHwus [3]

1 i+l i i Ji-
(ayx)x=z|:am % lh - _aiy hy 1:|;

S Vi~ Vg
= BER VA .h‘ A :;,
(Z/l,V) ;ut vl b yx,l h

N
(w.v]=Y uyh,
i=1
repenuieM 3aaady (6) B hopme
(ay; ), —dy=; (®)

h
Yo=05 ayy:y :(d,y)+((p,1)+5'(p0' ©)

HerpynHo moxas3arb €JUHCTBEHHOCTb pe-
meHus 3aga4au (8), (9). JelcTBUTENIBHO, €ciu
y u 'y — 1Ba pelenus 3agadu (8), (9), To, ode-
BUJHO, Pa3HOCTh V=) —) OyAeT pelIeHueM
3a1a49u

(av,) —dv=0, i=1,2,.,N-1,(10)

(11)

Cymmupys (10) mo i ot 1 no N — 1, ipu-
XOJIUM K PaBEHCTBY

=(dyv).

a v

V() = 0’ n"x,N

a,Vin ~4Vs = (d’v)’
13 KOTOPOTO CIEAYET, C y4eToM ycioBus (22),
gro a,v; ;= 0.
Taxum oOpas3om, certounass QyHKOUS V

OyzmeT pelieHueM KOHEYHO-pa3HOCTHOH 3a-
naun Komn

(av;) —dv=0; v,=0; av;,= 0,
U3 KoTopoii cienyet, uro v,=0,i=0, I, ..., N,

YTO O03HAYAET CJAMHCTBEHHOCTh PELICHUS 3a/1a-
qu (8), (9).

Bynewm nckars pemmenne 3amaqn (8), (9) B Buze
y,=P+y,0, i=0,1,..,N, (12)

rae P u Q, — ceTounble QyHKIMH, ONPEIEIEH-
HbIC Ha CETKC ®,, KaK PCLICHUs Pa3sHOCTHBIX
3a7a4:

(aP.) —dP=¢; P,=0;P,=0; (13)

(aQ;),-d0=0; 0,=0;0,=1, (14)
rae KodQQUUUEeHTsl a, d W mpaBas 4acTh ¢
omnpenenensl no Gopmynam (7). Kak n3zsectno
[3], 3amaun (13) u (14) ogHO3HAUHO pa3penin-
MBI B CHIIy YCIIOBHI Ha a, d.

st pemienus 3amaun (13) mMmeeT mecto
ampuopHas olieHka [4]

12
1P, < C_”(p”cmh) g (15)
1

a 1 pemieHus 3agaun (14) mmeer Mecto pas-
HOMEpHasl OIIeHKa

19, <1- (16)

HenocpencrBeHHON NOACTaHOBKOW MOX-
HO yOemuThCs, 9To (PYHKIHUSA Y, OnpeieieHHas
o ¢opmyrne (12), yIoBIeTBOpsIET YpaBHEHHIO
(8) n HaqanbHOMY ycnoBuio y, = 0. Iloncrasus
(12) B HenokampHOE ycnoBue (9), mpuUxoIUM
K PaBEHCTBY

ay Py +yyayQ; v =
=(d.P)+yy (d.0)+(9.1)+0.5h¢,,
OTKYJIa BBIPAXKaeM Y, :
—ayP.  +(d,P)+(9,1)+0,5h0,
) 0Oy -(d.0)

[Toxaxxem orpanu4eHHOCTS ), . [Ipeobpasy-
em mpaByto gactb (17). Cymmupys ypaBHEeHHE
(13)mo i ot 1 1o N— 1, mpuxonnuM K paBEHCTBY

—ayP +(d,P)+(@,1) =—aP . (18)

Cymmupys ypasaenue (14) mo i ot 1 1o
N — 1, nomyuaem

a0 =a,0 ~(d.Q)

X

(17

N

(19)

C yaerom (18) u (19) Beipaskenue (17) mist
¥, IPHHAMAET BH]T

_ =P +0,5h¢,

Yy = (20)

a,%%5

Ouenum cuusy g, Q; ;. DTO YHMCIO HE MO-
KeT ObITh OTPULATEIBHBIM, YTO NPOTUBOpE-
yuii0 OBl MPUHIUITY MakcuMmyMa [3] mepBoit
KpaeBou 3amaum miis ypaBHeHus (14). Taxxke
Q. ,#0, oto mporuBopeunt ycaosuio Q= 1.

Cnenosarensno, O, > 0.
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[Tycts 1, — ceTounas GpyHKIuMs, ONpeIeeH-
Has Ha ©,, ¥ ABJIAETCSA PEIIEHUEM PA3HOCTHON
3aJla4u

(are),—gr=0; r=1; r,=0 (21)

YMHOXKUM ypaBHeHUE (21) ckanspHo Ha
0, a ypaBHenue (14) ckanspHO Ha 7 U BEIYTEM
MOWICHHO OJHO U3 japyroro. [Ipumenss pas-
HOCTHYIO (OpMYJy HMHTETPUPOBAaHMS IO Ha-

ctsiM [3] m yuuThiBast KpaeBbie ycnoBus (14),
(21), mpuxoauM K paBEHCTBY

_(anarx]_%Q;,l +(Clr;?7 Qf]_

- 1y —(dO,r)+(gr,0)=0,

OTKY/Ia HaXOIUM

ale  =—Cly +

(22)
+ (. —a)0,.r, |+ (- d)0.r).

HerpynHo moxa3aTb, dYTO JJs BCexX
i=1, 2, ..., NBBINOJHAIOTCS HEPABEHCTBA

0.20, <0, 0>0,r>0.
C y4eToM 3THX OICHOK H3 (22) moiryIaem
4,0 2 =Gl y. (23)

OuennM cuu3y BeIpaxkenne €’z Hc-
MOJIB3ys TOYHOE permieHne 3axaun (21), Haxo-
JIM, 4TO

—CIEN T 0((h)’

2, |5 1+-Ep
¢ 4c,

e a(h)=

ITomoxus

! I
= = Y = = Y
1+ &+ S+ R |1+ 5 - & n1+ 5 R
2¢, G 4c, 2¢, ¢ 4c,

- g g
OL(O)ZhILIaOL(h):cl\/gsh( C_l}

Ha OTpe3Ke [0, 5] MOJIY4YMM HENPEepBIBHYIO, BO3pacTarouyto no /4 ¢gynkuuio. CienoBareibHo,

VIS TI000TO } & [0, é] MMEET MECTO HePaBeHCTBO —c, 7: ,, > 01(0). Takum oGpasom, GIQ;’I 2 a(0),

OTKyZa CIENYET, UYTO

1 < L

1
alQ},l ) \/Z

1

.E.S;{ F]

24

Temneps OleHUM CBEPXY MOJY/b BhIpaxkeHust &, P . YMHOXKas CKaIsIpHO pa3sHOCTHOE ypaBHe-

X,
nue (13) na cerounyro QyHKIMO v, =1 —7’, OIIPEJICIICHHYO Ha ©,, TIOITYYUM

(v, (an )x )— (dP, v) =— ((p, v).

(25)

[Ipumensis pa3HOCTHYIO (OpMYTy HHTETPUPOBAHUS TI0 YacTsaM [4] B (25) u yuuTsIiBas Kpae-

Bble ycinoBus (13) u paBeHcTsa v, = —;; v, =0, v,= 1, nony4yaem

a, P, |

=%(an,])—(dP, V) +(@ ).

(26)

[Ipumensas nepaseHcTBo Komm — ByHsikoBckoro [ 1, 3], olieHuM 10 MOZYIIIO cllaraeMble B Ipa-

Boi yactu (26):

a) B(ae,l]

_a .

/

P ]

G

1 1
oS pal(sa)
H{Zea (2

N1
<% i Mgl =S

[ ”(p"cmh) )
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N
[
o @12 =[S ar[1i-2 sz 1pl, L
i=1
< §§— ' ”(p"cmh) C_]_ ’ ||(p||C(a)h) >
x| & X, l
Bl el=7] =Xl 1= |n<5ldl,, -
C y4eToM MONy4eHHBIX OLIEHOK U HEPaBEHCTBA %(po < é”(p”c(w > 3 (26) naxomum
’aIP},I +0,5h(p0|S|a1PE’ ”(P Clop) <if1+2 c +c__ ”q)”C(m,,) (27)
1 1
U3 (24) u (27) momyyaem OICHKY
I’ 1 1
st 1e 2o £ sl £ Mol - (28)

¢ ¢ 3

N3 (12), ucnions3ys omenku (15), (16) u
KOHEYHO-Pa3HOCTHOH cxeMbl (8), (9),

e, <M
I? gl’
M=—+I[1 =—
e CI+Z +CI+C1 3

W3 onenku (29) cnenyeT ycTOHMUMBOCTH KO-
HEYHO-pa3HOCTHOHU cxeMbl (8), (9). Anroputm
pemenus 3aaauu (8), (9) 3akmrouaercs B perie-
Huu 3anad (13) u (14) meromom nporoHky [3],
BBIYMCIIEHUH Y, 110 (opmyne (20) m moxcra-
HOBKE uX B ¢popmyny (12). B cumy ycioBuii Ha
ko3 dunmentsl B 3amauax (13) u (14) merox
MIPOTOHKM NPU MX pPEHICHUH OyAeT yCTOH4u-
BbIM, MOTPEIIHOCTh B MCXOIHBIX JIAHHBIX HE
OyzeT Bo3pacTars.

W3moeHHBIN BBIIE METOA MOXHO HC-
MOJIH30BATh JJISl HAXOXKJICHHS PEIICHUS 3a/1auH
(1), (2) c 6oee BBICOKMM MOPSIIKOM TOYHOCTH
1o mary A.
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