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Hacrosimmast cTaThsi IIOCBSIIEHA UCCIICIOBAHHUIO OJHO3HAYHON pa3pelInMOCTH ORHOH BHYTpEHHE-KpaeBol 3a-
Jla4uH, JUIsl ypaBHEHHUs TPETHETO MOPsi/IKa CMEIIAHHOTO THIIA C TPYIIION MJIA/IIINX YWICHOB B apaboInyecKoil 4acTH.
B pabote dopmynupyercs U 10Ka3bIBaCTCs TEOPEMa O CYIIECTBOBAHWH M €IMHCTBEHHOCTH PELICHHS MOCTaBIICH-
HOM 3aaun. EXHCTBEHHOCTD pEIleHNs II0CTaBIEHHOI 3a/1a4i J0Ka3bIBAeTCS METOJOM HHTETPaJIoB dHepruu. J{is
JIOKA3aTe/IbCTBA CYIICCTBOBAHMS PEIICHUS MOCTABICHHOM 3a/auM BBITMCHIBAIOTCS COOTHOIICHHS MEXKIY CICAOM
HCKOMOH (pYHKLIMH U CIIEJOM HPOM3BOAHOH HCKOMON (yHKIMH Ha JIMHUM BBIPOXKACHHUS. B mapabonnueckoii qacti
[IOCTABJICHHAS 3aJa4a CBOAUTCS K AU((depeHIaIbHOMY yPaBHEHHIO TPETHET0 HOPSIIKA U PACCMATPUBAIOTCS pa3-
JIMYHBIE CIy4au 3Ha4eHUH Kod(QPunneHToB (koG OUIMEHTH — KOHCTAaHTbI, KO3 dunnenTs! — GpyHkimn). B ciayuae
MOCTOSHHBIX KOA((UIIMEHTOB BBIMHCHIBAIOTCSA TPH PA3IUYHBIX COOTHOIICHHS MEXJLY CIEIOM HCKOMON (DyHKIHN
U CJIEJIOM IIPOM3BOAHOM MCKOMOI! (DYHKIIHHU B 3aBUCHMOCTH OT AUCKPUMHHAHTA KyOUYEeCKOTO YpaBHEHHSI, COOTBET-
CTBYIOIIETO MOTy4eHHOMY A depeHInaIbHOMy YPaBHEHHUIO. B Kak/I0M N3 paCCMOTPEHHBIX CIIy4acB CyLIECTBO-
BAaHME PCIICHHS MOCTABICHHOI 3a1a4M 0Ka3bIBACTCS SKBUBAICHTHON PEIyKIHEH K MHTETPAIbHOMY YPABHEHHIO
Dpexronsma BTOPOro poza.
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This article is devoted to research of the unique solvability of one inner boundary value problem for equation
of third order of mixed type with a group of lowest term in the parabolic part. In this paper we formulate and prove
a theorem on the existence and uniqueness of the solution of the problem. The uniqueness of the solution of the
problem is proved by energy integrals. To prove the existence of a solution of the problem the relationship between
the trace of the unknown function and the trace of derivative of the unknown function in the line of degeneracy
is written out. At the parable part the problem reduces to a differential equation of the third order and different
cases of coefficients (coefficients — constants, coefficients — functions) are considered. In the case of constant
coefficients three different relationships between the trace of the unknown function and the trace of derivative of the
unknown function are written out depending on the discriminant of the cubic equation corresponding to the received
differential equation. In each of these cases the existence of the solution of the problem is proved by equivalent
reduction to Fredholm integral equation of the second kind.

Keywords: boundary value problem, the equation of the mixed type, the characteristics of the equation, affixes, the
method of integral energy equation of the third order, Fredholm integral equation, operators of fractional

integro-differentiation

PaccmarpuBaercs ypaBHeHHe

U, U, +q (x,y)Ux+a0(x,y)U, >0,

(_y)m Uxx - Uyy’

IJie m — HaTypaJlbHOE YMCII0, B KOHEUHOH OJ1-
HOCBSI3HOH oOmactu W, orpaHU4eHHON OTpe3-

kamu A4, A B, BB n xapakrepuctukamu AC,
BC ypasuenus (1).
O06o3naunm uepe3 Q° u Q gactu 00-

JIaCTH W  nexamuie  COOTBETCTBECHHO

1
4 <0, Q)

B monymiockoctax y >0 u y<0; 0/(x),
0O,(x) —addukce TOYEK NEpeceYeHus Xa-
pakTepucTuk ypaBHeHUs (1), BBIXOASIIUX
u3 touku (x, 0), ¢ xapakrepuctukamu AC
u BC coorBercTBeHHO; | = AB-uHTEpBaN
0<x<1.

3amaua. Hatitu Gynkiuio U(x, y) co CASTyOIUMU CBOMCTBAMH.
D) U(x,p)e C@)NC Q)N CH Q)N Q)
2) U(x, y) — peryasproe B Q" U Q™ penrenne ypasaenus (1),

3) U(x, y) yIOBIETBOPSIET KPACBBIM YCIOBHSIM.
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U0, y)=0¢,0); U1, y) = 9,»); U0, y) =¢,(»); 0=y<1, ()

a(x) D S(x)U[G (x)] +B(x)D (;)()C)U[G)1 (x)] Vel
+y(x)U(x, 0)+ c(x)Uy (x,0)=f (x),

e ¢,(x)e C[0,y,1nC* J0. [, i=1.3; a(x), Bx),y(x).c(x), f(x)e C'T)NC* (1), npusem
o2(x) +PB° (x)+ 7 (%) +¢* (x) £ 0 a — BemecTBenHoe uucio, D,

3)

D' — omeparopsl ApoOGHOrO

x1
B cMbicie Pumana — JInyBuiist uHTErpo-mudhepeHIupoBaHusL.
[ycte Ulx, 0) = 1(x); U, (x, 0) = v(x). Pemenue 3anaun Komm B o6nactu Q0 umeer Bua [5]

e e e GO RNCE) ECDI

L T@- 2e)yj [

T (1-¢) "+

1)][t (1-1)]" a,

Ije € = , ['(z) — ramma dyHKums Diinepa.

m

Yuureias 3Ha4eHus O (x) 1 O (x) B IOCIEAHEM PABEHCTBE, MOIYYHM

U0, (1] e (x)—r(z_zg)(mf)_SDé;lx‘gv(x);

re) r(i—e)
ule,(x)]- Fr((zg)) x)l28Dx1£(1—x)glr(x)—rr(é__zgg))(mzz)SDfll(l—x)sv(x).

HNmeer MecTo
Teopema. B ooracmu Q cywecmeyem eouncmeennoe pewerue 3adaqu (1)—(3), ecau evinon-
HSIIOMCS YCAOBUSL

a, (%.)-2; a,(x y)=0;
a,(x,y)eC’ (S_T ),

u b0 a=¢g; dx)=x"*" ox)=(1-x)*", (5)
U 6LINONIHAIOMCA YCIOBUSL

o(x)=2"0u (¥); Bx)=(1-x)"B.(x); o (x): B.(x)eC"(T)

“)

A (x)= 0 (x) +B.(x) + (( ))Y(x)¢ Vxel; (©)
o, (x) <0 B%(x) >0: c(x) ——sinme <0, Ve I (7
Ax) | T [AK) A4 (x)
6o a=1-g odox)=0okx) =1, (®)
U 6bINOJIHAIOMCS YCI06UA
A, (¥) = (=)0 + 2B~ X' (1= c() %0, e T ©)
(1-=x)*ou(x) / | XB(x) / . ) ———sinne =20, v 10
B
eaekzr<2‘28)(m+2)' )
r(1-¢)
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Joxa3zarenncTBo. [IycTh BemonHsIOTCS yemoBus (5). Torma, moacTasisisl HalIeHHBIE 3HAUC-
uust U[O (x)], U[O (x)] B kpaeBoe yciosue (3), Halizem

e _2e-1 (8) 1-2¢ € el _F(2_28) m+2 3 e-1
o(x)D,, x l:r() Dy x" 1(x) F(l—e)( 2 ) D, xv(x) |+

B (-0 | 2O 1y D=yt -
I'(e)

(m: 2) DY (1= %)y <X>]+v(x)r<x)+c(x)v(x) = /.

r(2-2¢)
CT(1-¢)

Ortkyna, ¢ ydeToM Toro, uto D D,* = D, D5 = D°, rae D’ — eIMHAYHBIIT 0TIepaTop, HOMyuM

I'(2)

F(28) Sl e—1

[F() e+ I +Y(x)]r(x)—

_F(2—28) m+2 e 261 pye-l (11
F(l—e)( J ) [oc(x)D D 'xv(x) +

+B(x) D5 (1=x) ' D (1= V(@) [+ e(xv () = £ (2).
[Ipeobpasyem nBOIHBIC HHTETPAITBI, BXOAIIHE B Beipaskenue (11) [4]:
1, =Dy x> D5 xtv(x) =

1 d X Zs 1 t (k; (g)

r2(1 £) dx'[(x o ey 45 =
< > dt
B (1 _[§ v(€)d &IW
IIponenaB HEKOTOPHBIE HpeOGpa3OBaHM5{, TIOJIyYUM
I, =x""'Dy 'v(x). (12)
AHaTOTUYHBIM 00pa30M TOTydaeM
L =D5(1-x)*" D (1= x)*v(x) = (1-x) " DX 'v(x). (13)

C yuerom (12) u (13) ypaBaenue (11) npuHuMaeT BUI

@) .
ree) ¢

= [(1 _ x)l_eoc(x)DZHV(x) n B(X)XI_EDZE_IV(X):I B (14)

ou(x)(1=x)" + )™ + —x) (%) | 1) =

F(E) l S(l X)l SC(X)V(X)'F ( ) 1 8(1 x)l Sf(x)
T(e) r(2e)”

C yuerom BbInoHEHUs ycnoBus (6) nepenumem (14) B Buae

(@) = 0, ()D5 V(@) + B, (1) DV + Y, (V) + £, (), (15)
ko (), _ kB, __TE) e
o “Om PO MO ey
_TE) /@, , _T@-2)TE)(m+2)™
fl(x)_l"(Ze)Al(x)’ b= r(1-¢) r(zs)( ) '

Bripaxenwne (15) sBisieTcs OCHOBHBIM (DYHKIIMOHAJIBHBIM COOTHOIIEHUEM MEXKAY (DyHKITHS-
MU T(x) 1 V(X), IPUHECEHHBIM Ha JInHUIO ¥ = 0 13 obmacTu .
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Joxaxkem, uto perrenne 3anaun (1)—(3) eAMHCTBEHHO TIPH BHITOTHEHUH yenoBuid (4)—(7) Te-
opemsl. [Ipu f{x) =0, ¢ yuerom paBenctsa (15), moydaem

1" = [ o, (V) D v(x)dx + [ B, (x )V ()DL V()dx + v, (x)v° (x)dx.

[TponenaB HEKOTOpPBIE MpeoOpa3oBaHusi, 3akarouaeM, 9to I” > 0.
C mpyroii cTopoHsl, nepexons B ypaBHeHuu (1) k npexneny npu y — +0, nonyuaem

77 (x)+a, (x,0)T(x)+a, (x,0)t(x)=Vv(x).

(16)

YMHOKas Mociaennee Ha 1(x), a 3areM uHTerpupys ot 0 1o 1, ¢ y4eToM OqHOPOIHBIX TpaHUY-

HBIX YCJIIOBHUH, OJy4YUM

r =jr(x)v @)@:-sz (l)+%j(a1x (2.0)-2a, (x.0))? (x)dx:|.

VuuteiBas ycnosue 4, umeem I < 0. Cie-
nmosarenpHo I = 0.

CnenoBarenbHo, V(§) =0 mo4TH BCIOMY,
a TaK Kak V(X) HempephIBHA [0 YCJIOBUIO, TO
v(§) = 0 Bcromy. OTcroma BumHO, 4TOo V(¥) =0
u npu f{x) = 0 cnexyer, uto 1(x) = 0.

Takum o6pazom, U(x, y)°0 B Q kak pe-
nieHue 3anaun Komu ¢ HyJIeBBIMU JTaHHBIMH,
a B Q" kak pemenue 3amaqn (1), ©(x) =0, U(0,
»)=0; U(1, y)=0; U (0, y) =0 [1-3]. Orcrona
3aKirodaeM, uto perenne 3aaaqn (1)—(3) mpu
BBITIOJTHEHUH ycoBui (4)—(7) enMHCTBEHHO.

Jiist oKa3arenbCTBa CYIMIECTBOBAHUS Pe-
IIEHNs 3aJa4dl paccMOTpuM ypaBHeHue (1)
B obmactu Q. [Tonyyaem 3amauy (16)

©(0) = ,(0); (1) = 9,(0); 7'(0) = ¢,(0).(18)

[lycts a(x, 0)=s; ayx, 0)=s,; S
s,=const# 0. [lenas 3aMeHy HEM3BECTHOH
(dyskmn 1(x) B paBerctse (16) mo hopmyie

7(x) = z(x) + g(x), (19)
Tae

g(x) = (1-x")9,(0)+x°¢, (0) + (x - x*) 9, (0),

U YYUTHIBAS TI'PAaHUYHBIC YCJIOBHUS, IOJIYYHM
OTHOCHUTEIBHO (DYHKIMHU T(X) 3a/1a4y

27 (x)+s,2" (x)+ 50z (x)= £, (x);
z(0)=0; z(1) =0, z'(0) = 0,
e f,(x)=v(x)— Slg/(x) = 5,8(x).

Pemenue 3amaun (20), (21) oTHOCHTETHHO
T(X) CyIIeCTBEHHO 3aBUCUT OT KOpHEH Xapak-

(20)
21

(17

TEPUCTUYECKOTO ypaBHeHus K +sk+s =0.
Brenem o6o3HaueHue

2 3
_S0 S

4 27

Paccmorpum ciyuait, xorma s > 0. B atom
ciayudae obmee pemenue (16), (18) MoxHO
3aIIMCaTh B BUJIC

s

()= [Gvd+ fo, @)

rne G(x, t) — yuakuust [puna ogHOPOTHOM 3a-
Jla4, f (x) — dbyHKLMS, BEIpaXKEHHAS Yepe3 3a-

JTAHHBIC.

C yuerom BbInonHeHUs1 ycnoBuit (4)—~(7)
TeopeMbl HCKIIoUUM T(x) u3 (22) u (15). Yuu-
THIBast yCIIOBUS (6), IOTYIHM

v+ -‘[ K, (x, v (2)dt

d |x_ t|28

rae K (x, 1) u F (x) — QyHKUMH, BHIpAKEHHBIE
Yyepe3 U3BECTHBIC, 3alaHHbIC (DYHKIIUH.

Ilpu vy (x) #0 wnmm, 4TO0 TO XKE Camoe
c(x) #0, ypaBHeHme (23) ecTh ypaBHCHHE
OpenronbmMa BTOPOTo poaa co ciaboi oco-
OEHHOCTBIO B sIApe M HENMPEPBIBHOM IpaBoil
4acThblo, 0e3yCcIOBHAsI pa3pelIMMOCTh KOTO-
pOro 3akiodaercss M3 €AMHCTBEHHOCTH pe-
IIEHUS 3aJ[a9H.

ITo maitmerHOMY V(X) 13 (15) ompenemnsaeTcs
T(x), a pemenue 3agaun (1)—(3) B obmactm Q-
Kak perreHue 3aaaun Koy, a B obmactu Q* pe-
nieHue 3ana4u 1 onpezaensercs mo Gopmyse [S]

=F(x), (23)

v y
U(x,») = [ Gee (x,;0,M9, (NN = [ G (x, 331,19, () -
0 0

~[ G.(x, 70,9, (N + [ G(x, 1€, 0 UE)E,
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rme G(x, y, &, ) — dyakmus [puna 3amaun (1),
(2), Ulx, 0) = 1(x).

AHAJIOTHYHBIM 00pa3oM paccMaTpUBAIOT-
cst ciyvau xkorna s =0 u korga s < 0.

[Iycte a(x, 0), a x, 0)# const. Borom
cllyyae TOCTaBJICHHAs 3a/1a4a, aHAJIOTHYHO
NpeAbIyIEMy CIy4ar, CBOJMTCS K WHTe-
rpajbHOMY ypaBHeHuto ®pearoibma BTOPOTo
pola OTHOCHUTEIbHO (PYyHKIHH V(X), CO cllaboi
0COOEHHOCTBIO B sIZIpe U HEMPEPBIBHOW MPABOii
YacThIO, BUA

v(x)+ 'I[Mdt =F, (x),

2¢e
0 |x —t |

e K (x, 1) u F,(x) pyHKUMH, BHIPAKEHHbIE Ye-
pe3 U3BECTHEIE, 3aJaHHbIC (PYHKITUH.

JlokazarenbCcTBO E€IWHCTBEHHOCTH U CY-
[IECTBOBAHUS PEIICHHS TTOCTABICHHON 3a/1auu
npu BhIMONMHEHUHU ycioBuid (8)—(10) TeopeMsr
MIPOBOANTCS aHAIIOTUYHO.
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