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B nannoii paboTe paccMaTpUBaeTCs PEIICHHE 3a[a4l ONTHMAILHOTO YIPABICHUS IPaHUIEeH (pa30BOT0O Mepexo-
J1a IPOLIECCOM, ONMUCHIBAEMbIM KBa3UCTALMOHApHOH 3a1aueii Ctedana. KBazucraunonapuas 3agaya Credana — 3to
3aja4a 0 CTALMOHAPHBIX MPOLEeccax B IMIMHAPUYSCKUX Telax B cilydae, Koraa rpaHuia $Ga3oBoro nepexoia JBH-
JKETCs B0 00pa3ylomiell, He MeHsSCh, C IOCTOSIHHOM CKOPOCTHI0. 3a1ada (opMyIIHpyeTCcs CIeAYIOMUM 00pa3oM:
YIpaBiIsis TEIJIOBBIM MOTOKOM g(X), JOOUTHCS MMHHUMAJIBHOTO OTKJIOHEHMs I'paHUIlbl (pa30BOro mepexoaa oT 3a-

JaHHO# rpaHuiibl S. 3a/jaua CBOANTCS K MUHUMK3auu GyHKuuoHana J(g) = Hu\ s GHZ . BBoauTcs B paccmorpenue
oreparop A, H JI0Ka3bIBaeTCs €ro HeNpephIBHOCTL. [IpuBoanTCest opMyrta, onpeersionas COoNpsKeHHbIH orepa-
Top. [IpuBOIMTCS KpUTEPHIl ONTHMAIBHOCTH. IS peLICHHUs alPOKCUMUPYOIIHX 3a1a4 TPHMEHSCTCS TBOHCTBCH-
HBII perynsipu3oBaHHbI MeToJl. [IpUBOAATCS pe3yinbTaThl BHIYMCIUTEIbHBIX IKCIIEpUMEHTOB. Metos ["anepkuna
MIPUMEHSIETCSI JUTSL PEIICHNUsI CONPSDKCHHOM 3a1ad.

KuroueBbie cjioBa: KBasuCTalMoOHapHas 3aaa4a CTec[)aHa, OINITUMAJIBHOE YIIPABJICHHE

NUMERICAL SOLUTION OF THE PROBLEM OF OPTIMAL
CONTROL OF BORDER OF PHASE TRANSITION
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The solution of a problem of optimal control by border of phase transition by the process described by a
quasistationary problem of Stefan is considered in this paper. Quasistationary problem of Stefan is problem of
stationary processes in the cylindrical bodies in the case when the boundary of the phase transition is moving along a
generator, without changing a constant speed. The problem is formulated as follows: controlling the heat flow g(x) to
achieve a minimum deviation of the phase transition from the fixed boundary S. The problem reduces to minimizing

2
the functional J(g)= HM‘S 79HH. The operator 4 is entered into consideration and his continuity is proved. The

formula defining the adjoint operator is given. Optimality criterion is given. Dual regularization method is applied
for solutions of approximating problems. Results of computing experiments are given. Galerkin method is applied

to solve adjoint problem.

Keywords: quasistationary Stefan problem, optimal control

3amava o0 cTalMOHAPHBIX MPOIECCaX B ITH-

JUHIPUYECKUX TeJaxX B CIydae, Korma rpaHuia _J% (x,»)eG, _ b,(x,y)eG,
(hazoBoro mepexoa IBMXKETCS BIOJIb 00pasy- a,,(x,y)eG, ’ b,, (x,y)eG, ’
IOLIEN, HE MEHSISICh, C IIOCTOSSHHOW CKOPOCTBIO,

Ha3bpIBAa€TCAd  KBA3MCTAllMOHAPHOM  3ajadeil ou ou

Credana. Takue 3a1a91 UMEIOT OOJIBIIOE IPH- a— | —|a— | =AnV),
KJIaJIHOe 3Ha4YeHHe, HalpUMep, B METaJIyp- on ), on ),

TUH, CBapKE U KPUCTAJUTU3AIIH.
MaremaTnueckast MoJeJIb

[lyctp mnacTuHa, WMEMOIIAs MIUPUHY /i
1 OECKOHEUYHYIO JUIMHY, JBIDKETCS BJIOJIb HE-

e n — HopMmalnb K S =S§US,V — BeKTOp
CKOpPOCTH;

(), —(u), =0;

MOJIBUYKHOTO TEIJIOBOIO MCTOYHHKA, 3a/aBa- ou y=0
eMoro (hyHKIHEH g(Xx), OTIMIHOW OT HYyJISI Ha a—=0 Ha
otpeske [— o, o]. HampasieHve IBHKEHUS CO- oy X e [—R,—a ] u[a :R]
BIajJaeT ¢ oChio x. Ha moctarouHo GosbiioM
PACCTOSIHUM OT TEIJIOBOTO MCTOYHHKA TEMIIE- ou V=
parypa npuHHMaeTcs paBHOH Hyimo. IIponecc —aa— =g(x) na ’
OyZIeT OMUCHIBATHCS CIEAYIONICH KBa3UCTaIlU- y re [—a,a]
oHapHoH 3amaveir Credana (puc. 1).
priof suelt Credar (puc. 1 u(-R.y) =u(R.y) = 0;
ou O Ou 0 ou ou y=h
o or aa— "o a—|=0 a—=0 Ha .
x O\ Ox) Oy\ Oy Gi% xe[-R,R]
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Puc. 1. G, — meepoas ¢pasa, G, — scuokas asa
Paccmorpum CIIEAYIOLIY IO 3ajaqy:

YOpPaBIisis TEMJIOBBIM MOTOKOM g(Xx), Jo-
OUThCS MHHUMAJIBHOTO OTKIOHEHHUS Tpa-
HUIBI  (a30BOTO TIEpexoja OT 3aJlaHHOM
TPaHUIBL S.

YuuTeiBas, 4To Ha rpaHuie (Ha3oBOro
nepexoja S 3HAUEHHWE U PABHO TEMIIepaType
miaBieHus 0, 3apukcupyem xeraeMmyro rpa-
HUIlY S ¥ paCCMOTPUM 3a71auy MUHHUMH3AIUU
(hyHKIIMOHAIA

2
J(g)= ||u|s - 9||H — min,

I (—a,a) < R’ (1)

rne H =L (S)xL(S,).

le

[IpencraBum GyHKIHIO ©(X,)) 6 BHIE CyM-
MBI

u(x,y)=v(x,y)+w(x,y),

rae v(x,)) — pelieHue 3a1adu

ov o0 ov) O ov
Ox oOx\ oOx) oy\ oy

( 8\)} ( 6vj
a— | —-la—|=0;
on ), on ),

(), = (), =0;
ov y=0
I - (2
a@y 0 Ha {xe[—R,—a]u[a,R]’( )
—a@:g(x) Ha y=0
oy xe[—a,a]’

V(—R,y) :V(Rhy):()

ov y=h
a—=0 Ha .
oy xe[-R,R]

Ecnu 3amaua (2) npu g(x) = 0 umeet ToMb-
KO HYJIEBOE PElICHHE, TO OHA OJHO3HAYHO pas3-

pelrMa B MPOCTPAHCTBE Wzlp [5] nnst mro6oi

byukm g(x)eL*(— 0,0) 1 OyIeT BBIIOIHATE-
CsI HEPaBEHCTBO [5]

Wzl’0 < C”g”LZ(—a,a) : (3)

Paccmorpum oneparop A: L' (—a, o) = H ,
COIIOCTABIISIIOIINH (QYHKIMU g CIIEH PEIIEHUS V
3amaun (2) Ha S.

Teopema. Omneparop A siBisieTcs Hempe-
pbiBHBIM. CompshKEeHHBIH onepatop 4° onpese-
JSIeTCSl PABEHCTBOM

o

Az=vy

xe[-o,a],y=0"

r7e Y — pelieHrue CIeayIoled CONpsKeHHOU

3a/1a4H:
aa—w}-i a@_\u =0,
ox ) oy\ Oy

ba_w+ i(
Ox Ox
(aa—w + by cos(n,x)] —
on )

=Z,
1

— ( v + by cos(n, x)j
on
(v), = (y), =0,

aa—\V:O Ha y=0 ,
oy xe[—R,R]

Y(=R,y)=y(R,y)=0,

— = =0 u y:h
\V( R,y)—\lf(R,y) 0 a{xe[—R,R].

Joka3zaTenbCcTBO. HenpepriBHOCTB
omeparopa A BBITEKAaeT U3 HepaBeHCTBA (3)
u TeopeM BioxkeHus. Dopmymna It compsi-
JKEHHOTO OIlepaTopa MoJydyaeTcs HMpUMeHe-
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K PaBEHCTBY
T, ou o ( Guj
[ [p2e-2(o2)-
ox Ox\ Ox
—i(aa—unw(x,y)dxdy =0.
oy
Teopema Joka3zaHa.
[Tonoxum z = G—WL . Torma 3agauy (1)

HHUEM METOJa HHTCIPpUPOBAHHA IO YaCTAM
0-R
MOJKHO IICPLeIncarb B BUAC

J(g)= ||v|s —z”i = ||Ag —z”2 — min,

le

) <
L (—a,0) :
Iycts {e,} — Gasuc B H, h,=A"e. Kpure-

pHii ONTUMAILHOCTH OyIeT MMETh CIIEIYFOITHIA
Bun [2]:

<\P’ Ahk >H + y<g’ hk >L2(*(l,0.) = 0
<‘P,ek>H —<g,A*ek>L2(_a’a) = —<z, e, >H

v(lg[-R) =0.||g| <R y>0,

ey =Ag—z

o0

Hycrs 2= Zziei )
=1

N
Zy = ZZiei )
i=1

PaccMoTpuM anmpoKCUMHPYFOIIHE 32 1a9H:

U, :{ge<h,...hN>:||g||£ﬁ+BN}
By —0

Jy(g) = ”Ag_ZN”2 =

N 2
Z (giAhi - Ziei)
i=1

— min,

N
g=zgihi eUN'

i=1

Ji1st pelieHust 3TUX 3a]1a4 MOYKHO BOCITIOJb-
30BaThCsl JIBOMCTBEHHBIM PETYIISIPU30BAHHBIM
MetoaoM [4].

J1y1s1 3TOTO BBE/IEM PETYIISIPU30BaHHBIC 33,191

T, (gy) =JN(gN)+0LN(||gN||2 _Rz) —>inf,

gyeU,, ay—0.
Beenem ¢ynknuto Jlarpanxa
Ly(gys2) = Ty (gy) + (o +2)(gy [ - R,
A>0.
Pewast nBoiicTBEeHHYIO 3a7a4y
inf L, (gy,A)—>sup gel’(—a,a) ,
A>0,

HalJIeM MOCIEN0BATENbHOCTE {g,} TpH-
ONMMKEHWI ONTUMAJIBHOTO YIpaBICHUSA g,
KoTtopass Oyxmer BoOmem ciydae cnabo
CXOIUTBCS K MHOXECTBY  ONTHUMAaJIbHBIX
pelIeHUi.
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Puc. 2. I'paghux noryuenio2o ucmounura g,
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Puc. 4. Temnepamypa na S, u S,: cniowHou aunuetl ykasana memnepamypa Ha S, moueunot iunuet
VKa3zaua mezwnepamypa Ha S, nyHKMupom — 3a0annast meMnepamypa 0

Pe3y.]'leaTbl BBIYHUCJIUTEIbHBIX
IKCIIEPUMEHTOB

[lpu pemeHWH 3aJa4d  UCIOJIL30BA-
JUCHh  CIenyloIIne /:[aHHHe S, — orpe-
30k x=-—r, yel0, h] - 0Tpe301< xX=r,
vel0, ], a—r—ooi)z R=05wm,
a, = 1557 Br/(MxK)n a, = 100BT/(M><K) Te-
HJ'IOI'IpOBO,Z[HOCTI; B TBep,Z[OI/I W oKuIkon  (ase

coorBerctBeHHo, A =0,01mM —  TOMIIU-
Ha, O IOOO °C - TeMniepatypa, b =cp/V,
b,=cp,V. rIe ¢, = 1000 I[)K/(erK)

0 c,= 1000 I[)K/(erK) - I[GJII)HaSI TeII0eM-
KOCTB B TBEPJIOU U JKHUJIKOH (ha3e COOTBETCTBEH-
HO, p, = 2600 Kr/(M3) u p, = 2300 kr/(m*) —
TUIOTHOCTB B TBEPJIOH M )KUIKOH (aze cooTBeT-
creenHo, V' = 0,001 m/c — ckopocTs, A= pk,
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rae k= 315000 J[)x/kr — TemioTa IUIaBICHUS,
N = 40.

B kauecrtBe 0asnca B mpoctpaHcTBe H Hc-
I10J1b30BAJIACh CIIEIYIOLIAsl CUCTEMa BEKTOPOB:

e, =[O,cos%} € :(cos%ﬁ)-

Pemenne compspkeHHOM 3alaud  Haxo-
IAI0Ch MeTomoM [anmepknHa Kak pelieHue,
VIOBIIETBOPSIOIIEE COOTBETCTBYIONIEMY HHTE-
TPaIbHOMY TOXKICCTBY.
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